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ABSTRACT: All the known rational boundary states for Gepner models can be regarded as

permutation branes. On general grounds, one expects that topological branes in Gepner

models can be encoded as matrix factorisations of the corresponding Landau-Ginzburg

potentials. In this paper we identify the matrix factorisations associated to arbitrary B-

type permutation branes.
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1. Introduction and outline

The study of strings and D-branes on Calabi-Yau spaces is a remarkably rich area. These

string compactifications are interesting for phenomenological reasons (in the heterotic string

version they come closest to realistic particle spectra; if D-branes are added to the type 11

version, they lead to N = 1 low-energy theories), as well as for mathematical reasons: In the

1980s, string theorists conjectured the existence of mirror symmetry for Calabi-Yau target

spaces, which has since been refined, by including D-branes, to what is often called the

homological mirror symmetry programme, involving derived categories of coherent sheaves

and the Fukaya category on the target manifolds [f].

These conjectures deal with the large-volume regime of string theories on CY target

spaces, but they were at least partially inspired by investigations of the stringy regime,



where efficient descriptions in terms N = 2 world-sheet theories are available, most notably
in the form of Gepner models (orbifolds of tensor products of N = 2 superminimal models).
The connection to sigma-models on Calabi-Yau manifolds can be established via Landau-
Ginzburg models [, the critical points of which have a description in terms of minimal
models.

Even though Gepner models [f] are defined in a somewhat abstract way, they are
rational conformal field theories, so it is possible to find symmetry-preserving boundary
conditions (i.e. D-branes) for them [d]. Using those boundary states and relating open string
Witten indices to geometrical intersection forms, the authors of [[] achieved a large-volume
interpretation of the CFT boundary conditions; see also [ for further studies along
these lines. Since minimal models are closely related to N = 2 Landau-Ginzburg models,
the study of supersymmetric boundary conditions for the latter should from the outset be
relevant to the study of D-branes on Calabi-Yau manifolds. Special (linear) boundary con-
ditions for LG models were analysed in [, [[d] and also in [[[1]]. Later, building on early work
by Warner [[[Z], a connection between LG boundary conditions and factorisations of the
respective LG superpotential into two matrices was established in [[3—[5. This was moti-
vated by an unpublished proposal due to M. Kontsevich, who suggested that topological B-
branes in LG models can be described by matrix factorisations of the respective LG poten-
tial, as discussed in great detail in the papers by Orlov [1d] and Kapustin and Li [[L4, 13, [L7].

From any N = 2 superconformal field theory one can obtain two 2-dimensional topo-
logical quantum field theories, the A- and the B-model, by performing the respective twists
and restricting the full Hilbert space to the cohomology of the BRST operator, which pro-
vides the ‘physical states’ of the topological model. This is also true for non-conformal
N = 2 models with unbroken R-symmetries, e.g. for LG models with affine target space
and quasi-homogeneous superpotentials (see e.g. [[§]), which will be studied in this article.

In B-models of such LG theories on world-sheets with boundary, the matrix factors of
the bulk superpotential determine the boundary conditions, and in particular the boundary
BRST operators [[J, therefore the spectrum of physical open string states.

Significantly, the main pieces of CFT data used by Brunner, Douglas et al. to extract
large-volume information in [f] were all taken from the ‘topological sector’ of the Gepner
model: In particular, the intersection form counts open string Ramond ground states
(with fermion number), so is precisely given by the Euler number of the cohomology of the
boundary BRST operator.

There are some important questions in string theory which are, at present, too hard to
answer directly in the CF'T, but can be tackled in the simplified framework of topological
theories. In particular, one can study deformation away from the “Gepner point”, induced
by marginal bulk (and boundary) fields. The properties of topological D-branes in deformed
backgrounds can be encoded in topological D-brane superpotentials; a mainly perturbative
approach was presented in [@], recent progress towards computing exact superpotentials
has been made in [R0, 1. These superpotentials provide a very efficient description of
D-brane stability, and of characteristic CF'T data like the chiral ring structure.

Thus it is of some interest to study which LG boundary conditions (given in the
form of matrix factorisations) correspond to the CFT boundary conditions that are known



for Gepner models so far. All these are rational boundary states, and can be viewed as
permutation branes, as introduced in [Rd]: Whenever n of the minimal model constituents of
the Gepner model have the same level, there is a non-trivial action of the permutation group
Sy, which can be used to build boundary states that obey permutation gluing conditions,
i.e. where the left-moving super-Virasoro generators of the i*" minimal model are glued to
the right-moving generators of the o(i)®® model for any permutation o € S,,.

Landau-Ginzburg matrix factorisations that reproduce the topological spectra of D-
branes in N = 2 minimal models are well-known [[[4, [[4, 17, BJ], and from these one can
form (orbifolds of) tensor products which reproduce the spectra of the simplest o = id
‘permutation’ branes from [[i], see e.g. [R4] for a detailed discussion. The next-simplest
permutation branes involving length two cycles were analysed in [R5, where the connection
between CFT boundary states and the ‘rank one matrix factorisations’ discussed in [p4]
was established by computations of spectra and comparison of various other CFT and LG
results. In the present paper, we propose a correspondence between arbitrary permutation
branes and a special class of linear matriz factorisations, which were studied from a purely
algebraic point of view in [Rf]. A linear matrix factorisation is a decomposition of a
homogeneous (degree d) polynomial W(z1,...,2,) = ag---agq—1 into d matrices, each
of which is linear in the x;. Grouping some «; together, one obtains two-term matrix
factorisations W = pgp1. The general construction we propose covers the cases discussed
before (trivial permutation or cycles of at most length two), but it necessarily involves
higher rank matrix factors as soon as the permutation has cycles of length three or more.

The evidence we present in support of the proposed correspondence is partly in the form
of computer-algebraic computations for explicit matrix factorisations, leading to topologi-
cal spectra (in particular to Witten indices) which are compared to results obtained in the
corresponding Gepner models; here we make extensive use of the package Macaulay?2 [7].
In addition, we present a general derivation of the BRST cohomology for open strings
stretching between an arbitrary permutation brane and special 0 = id branes (tensor
products of minimal model boundary conditions). Employing tools from homological al-
gebra a bit more ingeniously, it should be possible to extend this calculation to arbitrary
tensor product branes, but already the special cases considered here should be a sufficient
starting point to compute charges for arbitrary permutation branes.

The body of the paper starts with a review of the relation between matrix factorisations
and topological LG models; in particular, we spell out how the boundary BRST-cohomology
is encoded in Ext-groups. In section 3, we revisit boundary states in minimal models
and Gepner models and derive the topological open string spectra of the permutation
branes, which in particular yields the Witten index. The main new results are contained
in section 4: We first present linear matrix factorisations of Landau-Ginzburg potentials
W = xcf + ...+ 2% in section 4.1, then formulate a conjecture which of these correspond
to the topological permutation branes from the third section. Sections 4.2 and 4.3 contain
evidence for this correspondence. Some homological algebra arguments and the Macaulay?2
codes together with results on the large-volume Chern characters for permutation branes
in the (k = 3)°-Gepner model describing a sigma-model on the quintic threefold in P* are
collected in the appendix.



Apart from open technical problems like finding simpler and more general proofs for
the correspondence between certain linear matrix factorisations and rational Gepner model
branes, there are some conceptual, and also some physical questions that would be inter-
esting to study in the future. For example, one could try to exploit the concrete Ext-groups
arising in our examples as a starting point of a computation of brane superpotentials. It
should also be interesting to compare our description of permutation LG branes to the one
given in [P§), and to try and extend the present constructions to D-type modular invariants,
see [R9) for some recent results.

On the whole, it is probably fair to say that the link between topological B-branes in
LG models and matrix factorisations on the one hand and boundary CFT on the other is,
as yet, rather loose, and that a deeper understanding of the connection would be desirable.
For instance, only part of the linear factorisations which are described in section 4.1 actually
correspond to permutation branes, and one wonders what CFT boundary conditions the
additional factorisations correspond to — if any. They might correspond to non-rational
(symmetry-breaking) Gepner boundary states, which so far are not at all under control,
and one may hope that matrix factorisations point towards new constructions of CEFT
boundary conditions. For these and other reasons, it is definitely worth-while to aim at a
better understanding of the TFT-CFT interplay.

2. Landau-Ginzburg models and matrix factorisations

In this section, we briefly recall the relation between topological B-type branes in Landau-
Ginzburg models and matrix factorisations, and how tools from homological algebra can
be used to describe data of topological string theory.

An N = 2 supersymmetric Landau-Ginzburg model with target space C™ on a world-
sheet X is given by the bulk action

Sy, = /E iz {auxjauxj — il oLy — il oy,
1 o 1 RIS - - B
+ 1 |oW|* + B Wil p? + B Wiy (2.1)
where X7, 1 < j < n, are bosonic fields, wi left- and right-moving fermions, W (X) is the

Landau-Ginzburg potential, and W;; := 9*W/9X'0X7. (The world-sheet carries the 2-d
version of the ‘mostly minus’ metric, i.e. ds?> = dt?> — dz? in local coordinates.)

This action is invariant under the diagonal N = 2 supersymmetry transformation as
long as the world-sheet has no boundary; for 9% # (), one adds boundary terms [[2,

7 . .
Sosp = 5 / dz® | G0 — i) (2.2)
T

(with n:=¢_+14, 0 :=1_—1) as well as a term involving additional boundary fermions



Ta, and boundary potentials pf(X)

. 1 1
Somr =) / da’ [l T — 5 PoPh — 5 PIPY
a,j 0%

1 = o 1 _ . =
+3 (7 9;pg + i’ O;py) — 3 7 (n’ 9;py — i1 0;pY) (2.3)

In order to preserve diagonal B-type N = 2 supersymmetry, the potentials p$ (taken to be
polynomial in the X7) have to satisfy the factorisation condition [[J]

> gt =w
(0%

(up to a possible additive constant on the rhs, which will be set to zero in the following).
These potentials also determine the action of the (boundary contribution to the) BRST
operator,

QX=0, Qm=py, Q7=—ip1.
In the topological field theory, physical open string states correspond to cohomology classes
of Q.
The space P on which the boundary fields act is graded by the fermion number,
P = Py @ P1, and using Clifford algebra anticommutation relations among the boundary
fermions
{77047 ﬂﬁ} = {ﬁOH 7?5} =0, {7T0H ﬁﬁ} = Oo,8

one can view () as acting on boundary fields

[ Joo f10
v = <f01 f11> ’

where f;; : P; — Pj, by graded commutator with the matrix

o — 0 p1
po O

(actually, for a =1,...,7, @ is a 2" x 2" matrix).

It is straightforward to carry this over to strings stretching between two different branes
(where @ : P — P and QP=0o+9 (:3) Furthermore, one can generalise this view of the
BRST cohomology by allowing for matrices pg,p1 of arbitrary size, see [BJ]. In this way,
while losing an explicit realisation through a Clifford algebra spanned by LG boundary
fermions 7, one makes contact to general matriz factorisations, which are pairs of square
matrices p; € Mat(k, A) over the polynomial ring A = C[X] such that

pop1 =W 1.

Note that the physical content of a matrix factorisation is invariant under gauge transfor-
mations as formulated e.g. in [BI], BJ: Two matrix factorisations (pg,p1) and (p),p}) are
called equivalent if there are two invertible matrices U,V € GL(k, A) with

UpoV1=p) and Vp U '=p). (2.4)



Therefore boundary conditions in topological LG models are indeed described by equiva-
lence classes of matrix factorisations. This will be understood implicitly in the following.
A simple way to obtain boundary conditions in certain LG models is by means of the
tensor product construction. Whenever the superpotential W is a sum of two polynomials in
different variables W (x1,...,x,) = Wi(x1,. .., 2m)+Wa(Zms1, - .., Tp) then the LG model
with superpotential W is indeed a tensor product of the two LG models with superpotentials
Wy, Wy. Therefore it must be possible in this situation to choose boundary conditions in
each of these models separately to obtain the “product” boundary condition in the LG
model with potential W. It turns out that the corresponding matrix factorisation is the
tensor product matrix factorisation: Let (po,p1), (qo,q1) be matrix factorisations of W
and Whs, respectively, then the tensor product of these is given by the pair of matrices

_<P0®1—1®Q1> _<p1®1 1®Q1>

ro = , T = . (2.5)
1®q p®l —1®q po®1

As discussed in 4], (ro,71) indeed gives rise to the open string spaces associated to tensor
product boundary conditions.

Invoking some basic notions from homological algebra, we can relate the spaces of
topological open string states, i.e. the cohomology of the BRST-operator Q, to certain
Ezt-groups, which will prove useful for calculations later on. To this end, to a matrix
factorisation (pg,p1) of W of rank k, we associate the A-module P = coker(p;) and its
A-free resolution

0— AP 2L ab P 0. (2.6)

Given another matrix factorisation (pg,p1) of W of rank E, we obtain another module
P = coker p1 in the same way. It is easy to see that the space of bosonic BRST-cocycles
associated to the pair of matrix factorisations (pg,p1) and (pg,p1) is isomorphic to the
space of chain maps between the respective resolutions (B.). (A chain map between two
complexes (Cy, 0,) and (5n, 5n) is given by a sequences of maps f, : C,, — 5’n satisfying
fno1 0n = 5n fn.) If the two complexes are resolutions of C' and C respectively, one can
show that the space of homomorphisms Hom(C, C ) is isomorphic to the space of chain maps
between the respective resolutions modulo the space of chain homotopies. (A homotopy
between two chain maps f and f’ is a sequence of maps h, : C, — 5n+1 satisfying
fo—1fr =hn_10n+ 5n+1 hy.) However, one can check that the space of chain homotopies
between resolutions (2.4) is only a subspace of the image of the BRST-operator @ (see also
below), essentially because these resolutions are “too short”. Thus the bosonic part of the
BRST-cohomology in general is a quotient of Hom 4 (P, ﬁ)

To obtain a better description of the BRST-cohomology, one can use the fact that due
to WP =0, P is also a module over the ring R = A/(W). Since p1py = Wid = pop1,
this module has the 2-periodic R-free resolution

— RF L RF L REPLRE P 0. (2.7)

This is a complex with 0y, = pg and J,_1 = p1 for all n > 1.



Resolutions (whether periodic or not) can be used to calculate the groups Ext(P, ).
Namely, for two modules M and N over a ring S, Extfg(M, N) is defined to be the i*" right

derived functor of the functor Homg(-, N), i.e. given a projective resolution - - - % My %

My 9 My — M — 0 of M, it can be calculated as the i*" cohomology of the complex
0 — Homg(My, N) — Homg(M;,N) — -- -, (2.8)

where the maps are induced by the chain maps J; in the resolution of M, namely f; €
HomS(Mi, N) — fz 0 Jir1 € HomS(Mi_H,N).

A perhaps more concrete way to represent Ext-groups is (see e.g. [@])

Ext$(M, N) = Homg(M, N), (2.9)
Extfq(M, N) = coker(Homs(Mi_l, N) — Homg(Kj, N)) (2.10)

where K; :=im0; C M;_;.

We can, however, use (2.§) directly to make contact with the cohomology of the BRST-
operator () associated to matrix factorisations (pg,p1) and (po,p1) of W: In even degree,
ker @ is isomorphic to the space of maps foo € Hompg(R*, RF) such that there exists
an f1; € Hompg(RF, RF) with foop1 = p1fi1. Likewise, the even degree part of im @ is
isomorphic to Hompg(R*, R¥) o pg + p1 o Hompg(R*, R¥). Dividing out the second summand
from ker @ means that we can choose representatives for foo, which are zero on im p;. This
is achieved by passing from Hompg (R, RF) to Hompg(RF, ﬁ) everywhere, and the condition
to belong to ker(Q) becomes foop1 = 0. In these representatives, the remaining part of
im(Q) is just given by Homp(R¥, P) o py and one easily sees that ker(Q)/im(Q) can be
obtained as the even cohomology of the complex (R.§) with M = P and N = P. Thus, the
bosonic part of the BRST-cohomology is isomorphic to EXt%i(P, ﬁ) for i > 0. (Because of
the two-periodicity of the resolution (2.7), all these Ext-groups are isomorphic.)

To obtain the odd part of the BRST-cohomology, one can replace (po,pi) by the
shifted matrix factorisation (—pj, —po) in the discussion above, and one finds that the odd
BRST-cohomology is isomorphic to Ext%_l(P, ﬁ) for i > 0.

Altogether, we arrive at the statement that the spaces of states of bosonic respectively
fermionic open strings in LG models with boundary conditions characterised by matrix
factorisations (pg,p1), (Po,p1) of W are given by

H(Q) = Ext(P, P), H*'(Q) = Ext}; (P, P)

for © > 0, where P = cokerp; and P = coker p1 are the R-modules obtained from the
respective matrix factorisations. Interchanging pg and p; amounts to switching to the anti-
brane of P and thus exchanging the notions of bosons and fermions in the open string
sectors.

This identification of BRST-cohomology with Ext-groups of the modules P, P allows
us to exploit the machinery of homological algebra (in particular long exact sequences in
homology induced by short exact sequences of modules) in the analysis of topological open
strings in LG models.



Let us remark at this point that the modules P, P are rather special. Eisenbud [B4]
(see also [BY] for a slight generalisation) showed that all minimal free resolutions of finitely
generated modules over polynomial rings R = C|x1, ..., x,]/(W) become 2-periodic after at
most n steps. The modules for which a minimal free resolution is 2-periodic from the start
— exactly the ones induced by matrix factorisations — are the mazimal Cohen-Macaulay
modules. These have been studied rather extensively in the mathematical literature.

One aspect of LG models which we have not mentioned up to now is that they carry an
action of a discrete group I'. Indeed, if the superpotential W is homogeneous of degree d,
which we will assume throughout the paper, this group is given by I' = Z, and it acts on the
bosonic fields by multiplication with a primitive d™ root of unity &: X; — &' X; for t € Z.
This also induces actions on the open string spaces, and the analysis of the respective
representations will be useful for the identification of matrix factorisations associated to
conformal boundary conditions.

In terms of matrix factorisations, this group action can be formulated as follows [24]:
The Zg-action on the X; gives the ring R the structure of a Zgs-graded ring (i.e. the ring
structure is compatible with the Zj-action), and one can consider Zg4-graded modules over
it. The latter are modules P over R together with representations p : Z; — End(P) of
Z4 on them, which are compatible with the module structure. In particular, the maps pg
and p; of a matrix factorisation p; : PL=F, : pyp can be taken as maps between Z4-
graded modules (P, po) and (Py, p1), which also have to be compatible with the grading,

i.e. p1(g9) opo = po o po(g) and po(g) o p1 = p1 o p1(g) for all g € Z,4. Pictorially we write
this as

p1 po
Q p1 D)
P=F . (2.11)
po

Such graded matrix factorisations then give rise to Zg-graded Ext-groups, whose gradings
specify the corresponding actions on the corresponding open strings states.

Incorporation of the Zg-action not only provides finer information about the boundary
conditions in LG models, namely the respective Zg-representations on the open string
Hilbert spaces, but also allows to carry the treatment of boundary conditions in LG
models over to boundary conditions in LG-orbifolds with orbifold group Z,;. The effect
of the orbifolding on the LG model is that the respective open string sectors are pro-
jected onto Zg-invariant subspaces. In terms of matrix factorisations this means that the
space of open strings in the LG orbifold model is given by the mod-d-degree-0 parts of
the Ext-groups describing the corresponding spaces of open strings in the underlying LG
model.

LG orbifolds are relevant because of their relation to non-linear sigma models: The
Zg-orbifold of a LG model with homogeneous superpotential W of degree d in n variables
corresponds to a non-linear sigma model defined on the hypersurface X = {W = 0} c P*!
in projective space [f], as long as X is a Calabi-Yau manifold, which in the situation
considered here is the case if n = d. The Zg-action in the LG model appears here as a
“remainder” of the C*-action divided out to obtain the projective hypersurface. In this
case one expects that B-type boundary conditions in the LG orbifold also have a geometric



interpretation as B-type D-branes in the non-linear sigma model on X. The latter are
believed to be described by objects in the bounded derived category of coherent sheaves

DY(Coh(X)) on X.

3. LG boundary conditions at the conformal point

The critical behaviour of Landau-Ginzburg models with superpotential W = :C]f1+2 +...+
272 can be described in terms of tensor products

Mg,k = My, @0 My, (3.1)

of N =2 minimal models M}, with A-type modular invariants.

We are interested in B-type boundary conditions for those tensor product theories
that preserve the N = 2 supersymmetries of each of the minimal model, i.e. satisfy gluing
conditions for all of the N = 2 super-Virasoro algebras separately. Certainly, there are
the obvious ones, namely “tensor products” of boundary conditions of each of the My, .
However, if some of the factor models are isomorphic, i.e. k; = k; for some ¢ # j, then
it is also possible to construct boundary conditions whose gluing conditions permute the
N = 2 super-Virasoro algebras of the respective models. Such boundary conditions are
called permutation boundary conditions.

For tensor products of rational CFTs with diagonal modular invariant there is a stan-
dard construction for the corresponding permutation boundary states [PJ]. This construc-
tion has to be slightly modified when dealing with B-type gluing automorphisms, with
respect to which minimal models are not diagonal. (A somewhat pedestrian approach to
tackle similar problems in constructing permutation branes for Gepner models, i.e. orb-
ifolded tensor products of minimal models, was employed in [J).)

The minimal models M are conformal field theories which are rational with re-
3k

k+2-
The bosonic part of this super Virasoro algebra can be realised as the coset W-algebra

spect to the action of an N = 2-super Virasoro algebra at central charge ¢, =

(su(2)k @ u(1)4)/u(1)og+4. In fact, the respective coset model can be obtained from the
M, by a non-chiral GSO-projection, see e.g. [Bq].

The Hilbert space of the My can be decomposed into irreducible highest weight rep-
resentations of the respective super Virasoro algebra. It is convenient however, to consider
the decomposition into irreducible highest weight representations 1y, , of its bosonic
subalgebra

M= B Vs @ Vims) ® Vigmst2)) » (3:2)

[l,m,s]€Zy,

where the set of such representations is
Iy = {(l,m,s)|0 <I<k,me Z2(k+2), S€EZy,l+m+sce€ QZ}/ ~ (3.3)

with the field identification (I, m,s) ~ (k —Il,m+k+2,s+ 2).
Apart from the alignment of R~ and NS-sectors, the Hilbert space of the tensor product
model (B.]) is just given by the tensor product of the individual minimal model Hilbert



spaces

Hkl,...,kn - @ ®V[li,mi,8i] & (V[li,mi,si] @ V[li,mi,si—i—Q]) . (34)

[li,mi,si]elki =1
sifsj€2Z

The model possesses the symmetry group Z2 X Zz whose generators g € Zy2 and h € Zg

(m+7) and e%(5+§), respectively.

act on V.5 ® V[Lm’g} by multiplication with etz

We would like to analyse boundary conditions whose gluing automorphisms permute
the N = 2 algebras of the My, in (B1), and since only isomorphic N = 2 algebras can
be “glued together”, we will restrict ourselves to the case of tensor products of n identical

minimal models My, i.e. k; = k for all .

We first review the construction for the trivial permutation ¢ =id, which is also
discussed in great detail in [B7]. Already in this case, where the gluing conditions factorise
into n independent ones, the corresponding boundary states are not just tensor products
of single minimal model boundary states because of the sector alignment. Furthermore,
one has to take into account that a single minimal model is not diagonal with respect to
the B-type gluing automorphism.

3.1 Trivial permutation

The B-type gluing automorphism 75 of the N = 2 superconformal algebra induces an

isomorphism Vy ,,, 4] = Vii,—m,—s) of the minimal model representations. Therefore a sector
Vims) ® Vi) C Ha (3.5)

in a single minimal model gives rise to an Ishibashi state satisfying B-type gluing conditions
iff [I,m,s] = m[l,m,s] = [l,—m, —3|. Thus, in a single minimal model there are Ishibashi
states

I[1,0,s])p, forall[l,0,s] €Z. (3.6)

Note however, that one can also introduce Ishibashi states |[l,m,s])p for [l,m,s] € I
with m # 0 mod (k + 2), if one allows for twists with respect to the Zj o-symmetry of the
model, ¢f. [Bf]. These additional Ishibashi states appear in the decomposition of twisted
boundary states, whose existence can be understood as follows: Since the boundary states
built from the Ishibashi states (B.6) are invariant under the group Zj o, the latter also
acts on the respective open string sectors. Thus we can insert a Zy,o-generator in a trace
over an open sector, and by means of modular transformation this can be rewritten as an
overlap of twisted boundary states!; for more details about this point see e.g. [BJ. With

!Even though these are not states in the Hilbert space of the original model, they can nevertheless be
used to describe the corresponding correlation functions.

,10,



g being a generator of Zj 9, the g -twisted boundary states are given by

1 27r7.am [LMS}[lmS]
LM SYpy = e 3 S cBont Ml gy
VE+2 a€li2 [l,m,s]€Ty, \/m
_2mi o S[L, M+24,5),[1,m,s]
2z m,s
-V, L L i),

a€ZL42 [l,m,s]€Ty,

— VET? MHLLS]»B, (3.7)
i t%% VO 1,t.s]

where in the last line it is summed over all [, s such that [l,t, s] € Zj, and

e_ ’L‘rrS e k+2Mm

S(L,0,8],[1,m,s] = RN ES ] St
2 . 7T
Spi = \/k+281n <k+2(L+1)(l+1)>

are the modular S-matrices of the N = 2 minimal models and the $1u(2),-WZW models

and (3.8)

respectively, and where 2 = [0,0,0] denotes the minimal model vacuum representation.
In an untwisted boundary state, all the twisted Ishibashi states are projected out, and
the label M determines the representations of Zj o on the open string Hilbert spaces. In
particular, B-type boundary states in minimal models are labelled by [L, M, S| € Zj.

The spectra of open string states with corresponding boundary conditions can easily
be obtained from the overlaps of the respective boundary states. The bosonic part of open
string states with boundary conditions corresponding to ||[L, M, S]))p and ||[L', M, S"]) 5
is described by the overlap of ||[L, M, S])p and ||[L’, M’, S'])) 5, whereas the fermionic part
of the spectrum is determined by the overlap of ||[L, M, S]))p with the boundary state
I[L', M, S+ 2]) g, which is obtained from ||[L’, M’, S"])) g by reversing the sign of its RR-
part. Insertion of a power of the generator g of the symmetry group Zy,o in the trace
over the open sector is achieved by considering the overlap of the corresponding twisted
boundary states. The calculation of the spectra is straightforward and one obtains

t Lo— _ / 1 QN % (Lo+Lo)— &
trHFLO’SM/ 8'),1L, MS]<g 4 ) ~.B([L, M, 57[|q> 2||[L, M, S])) B,
1 27 ta
Z NL’ M’,8) éﬁjza 5 €52 X[t,m,s](4) (3.9)
[l,m,s]€T},
€242

where X[, are the characters and N the fusion rules of the minimal model.

Because of the sector alignment, one cannot obtain boundary conditions in tensor
products of minimal models just by tensoring the boundary conditions (B.7) of single min-
imal models. Instead one has to project the tensor products of minimal model boundary
states onto the contributions coming from Ishibashi states that are twisted with respect to
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the alignment group ngl. The result can be written as

|L1,. . Lp, S, .., Sn, M = ZiMi»gt (3.10)

=27 37 L0 M1, 81+ 2500 5 © Q)i M. Si = 26]) 5

ba,.. 7bn€ZQ 1=2

2/<:+4 LMSlts
= [l
>[Il NET @9'““& ’

[lj.t,s;]€Ty, 1=1

3273]622
where now t refers to the twist by ¢g~! with g the generator of the diagonal Zy o C Lo
of the product of minimal model symmetry subgroups; as above, in the last line the sum
is understood to be taken over l;, s; such that [l;,t, s;] € Zx. Note that the boundary state
(B10) only depends on M = Y, M;, which again determines the Zj_o-representations
in the open sectors. Namely, taking into account the form of the modular S-matrix
@), we see that the boundary states depend on the M-labels only through a phase
etz (Zi Mi) multiplying the ¢-twisted Ishibashi states. Using (B.9), the spectrum of open
strings with boundary conditions corresponding to [|a)) = ||L1,....Ln,S1,esSn, M=, M; ) and
Q) = || s Lty S, S M =D M2 ) can be easily determined

trpe (5075 ) = ol g+~ ), (3.11)

27i
tZz i
2. ) e HXMW@

a; €2y g [li,mi,5;]€T),
b; €%

XN (l1,m1,s1] H [li,mq,84]
[LII,M/ 1][L1,M1+2a1,51+22 b L/ M/ S/ [LZ,M +2a;,S;—2b; ]

The respective fermionic spectrum can be obtained from the bosonic one by shifting an
odd number of S} by 2. Formula (B.11]) gives the expected spectrum for tensor product
boundary conditions. Namely, the sector alignment, i.e. the sum over the b;, ensures that
the corresponding space of bosonic (fermionic) open strings is given by the tensor product
of all combinations of bosonic and an even (odd) number of fermionic open string spaces
of the individual models.

After this short review of product boundary conditions in tensor products of minimal
models let us return to permutation boundary conditions.

3.2 Non-trivial permutation

In this section we will present B-type boundary conditions in M%n which preserve all the
individual N = 2 algebras of the minimal models in a different manner. Namely we impose
gluing conditions which relate the holomorphic algebra of the " minimal model to the
antiholomorphic one of the o (i)™ minimal model, where o € S,, is a permutation.

Since every permutation can be written as a product of cyclic permutations, we restrict
our discussion to cyclic permutations o : (1,...,n) — (2,...,n,1) of the n factor models.
The treatment can easily be carried over to the general situation.

- 12 —



To construct boundary states satisfying o-permuted B-type gluing conditions, we first
of all determine the respective Ishibashi states. The ¢-twisted sector

Vimist] @ - @ Vit mnssn] @ Vi mi—2651] @ - - - @ Vit mn—2t5.] C Mok (3.12)
gives rise to an Ishibashi state with respect to the o-permuted B-type gluing automorphism
iff

[liymi, si) = mB[Liv1, Mit1 — 2t,8i01) = [lit1, —mit1 + 2t, —Si41] (3.13)
for all ¢ € Z,,. We can choose representatives so that this condition becomes
li=1l1, moy1=m, mo=2t—m, §; =—s;41 forall 7. (3.14)

For n odd, we obtain m; = t for all i, whereas for n even, there are more solutions, namely
ma;+1 = m for all ¢ and mo; = 2t — m. Thus, for odd n there are t-twisted Ishibashi states

I[l,t,s1,...,8,))° forall [I,¢,51,...,5,) € Tppn, (3.15)

where Zj, ,, = {(l,m, 51,...,5,) | [l,m,s;] € T}/ ~ with (I, m,s1,...,8,) ~ (k—=1,m+k+
2,814+2,...,8, +2). For even n on the other hand there exist t-twisted Ishibashi states

I[l,m,2t —m,s1,...,s,]))° forall [I[,m,s1,...,8,) € Ly - (3.16)

Because of this difference between the case of B-type permutation boundary conditions
involving permutations of even and odd cycle length, we will treat them separately in the
following,.

3.2.1 Odd cycle length

Our ansatz for the o-permuted B-type boundary states is an adaption of the permutation
boundary states for diagonal CFTs [J] to our situation. We have to account for the
absence of untwisted Ishibashi states with m = 0, which can be done similarly to the
case of a single minimal model discussed above. Furthermore we have to take care of the
fact that the minimal models are non-diagonal. The alignment condition is automatically
satisfied for o-permuted gluing conditions. We define ¢-twisted boundary states as follows

||L7 Ma Sla"'asn>>%7t (317)
2 5 Zi>1 Sisg
Z Z T” L M+2a,51][l,m,s1] €
aEZk+2 l,m,s1]€Ty, (Sﬂ[l,m,sl}) 2 2z
Si—S1€27
X |[lama 51y - >Sn]>>%§

s 2 Zi>lsi8i
_Ji Z S(L,0,51] [ltnll e - 1,t,81,...,5.0)%

weemer, (Solts)) 27
S;i—S1€27

Using standard facts about modular S-matrices, it is easy to obtain the spectrum of open
strings between two such permutation boundary states on both sides. The computation
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closely parallels the situation of permutation boundary conditions in diagonal CFTs [RZ],
one merely has to take into account the additional Ishibashi states with s; # s; and
the corresponding phases e~ 3 2i>155 i the boundary states. To deal with them, we
parametrise the [[,m,s1,...,s,] € Ty as [[,m,s1,51 + ba,..., S, + by], where [I,m,s1]
runs over 7y and b; € Zo are arbitrary. The sum over bs,...,b, € Zs is independent
of s1, and the result for the open string spectrum between two o-permutation branes
lo) = [|2.02.81....5.)% and [[@)) = [|L'.0.8%.....5,) G is

trrgge (910205 ) = (g BP0 S ) (3.18)

) n
Z Z 613112 “ H Xlis,ms,s4) (q)
=1

aGZk+2 [li,mi,si]GIk

% H(S [l1,m1,81]%...%[ln,mp,5n]
50,81 — N 3, S, M+2a,5, 8] ;

where x denotes fusion of minimal model representations; the fusion rules N are extended
linearly to sums of representations. Shifting an odd number of S-labels of one of the
boundary states by 2 yields the fermionic spectrum.

Apart from the open sectors with o-permuted B-type boundary conditions on both
sides, we are also interested in the ones with o-permuted boundary conditions on one and
non-permuted boundary conditions on the other side. For this, we first of all need the
overlaps between the corresponding ¢-twisted Ishibashi states:

B«[lll’t/’sl/”(g) : ®B«[l »Sn ]|q2(LO+LO) |[l’t’81""’3n]>>% (3'19)

n
Lo— =<
:H 51/1(532 s s )trvm <0’q 0 24) ,
1 lit,s
1=

where o acts on the tensor product space by permuting the factors. As was noted in [R]
for the case n = 2, this trace equals the character X[l,m}(q") only up to a phase due to the
(not necessarily bosonic) statistics of the respective states. More precisely

(o) P

‘ (aqLO—i). (3.20)
t,s

X[i,t,5)(q") = tryen

I,t,s

Here, (—1)F = €70 where .Jy denotes the zero mode of the U(1)-current from the N = 2
algebra. Using this and the modular transformation properties of the minimal model

characters
1
Xt (SD™ = D> S sgws] Xpw,s] <q"> : (3.21)
¢ '€
the open string spectrum between a o-permuted boundary state ||a)) = ||L,M,51,...5.)F

on one side and a non-permuted tensor product boundary  state
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Q) = ||L} oLy, S, St M =52, M2 ) on the other, follows as
b (50775 ) = ol g+~ ), (322)

= (k + 2)% Z Z esigatX[l,m,s} (q%)

[l,m,s] GIk aEZk+2

S N [I,m,s]

(LY, M5 %[ Ly, .M} ,S1][L,M+2a+(1—n),>, Si+(1—n)] ©

Note that the effect of the relative phase between twisted characters and o-twisted traces
in (B.20) on the open spectra (B.23) is a shift of coset-W-algebra representations [I,m, s| —
[[,m+ (1 —-n),s+ (1 —n)] in the open channel.

3.2.2 Even cycle length

For even cycle length n, we define the t-twisted boundary states

ri oy S|
L, M, T, Sh,..., Su) %, i= 3 (2Tt S8 ] (3.23)
[I,m,s1,....,5n] €Lk (Sﬂv[lvmvsl])
e 1;\' ’VL S S'L
><— [[L,m, 2t —m, s1,...,8.))% ;

\/Enfl

see also [R] for the special case n = 2. It is now straightforward to calculate the open string
spectrum between two such permutation boundary states. For ||a)) = ||L,M,T,51,....5.)) % and
) = || .M 1,87,....5, )% the result is

g, (50" 8) = L Jgt )~ o) 21
n
27I"L T—T'
= Z P L +22 5 even ™M) H Xto.(— 1)+ s ) (@)
[Lismi,s:] €Tk, i=1
[l1,m1,81]%...x[ln ,mn,8n]
X Hésl,s’ N - 27" 32, S1[L,M—2T,5,S] :

As in the case of odd n, the shift by 2 of an odd number of S-labels in one of the boundary
states produces the corresponding fermionic spectrum.

The open string spectrum for o-permutation boundary conditions |[la))
|L,M,T,51,....5,))% at one end and and tensor product boundary conditions [')) =
L4 e L S s Sl MY =3, M’>> at the other can be calculated to be

s (gtq%’i) - el T ) (3.25)

= (k+2)7 Z Z errat(a=T) X[t,m,s] (q%>

[l,m,s]€Ty, a€ZLy 42

N [lvmvs}
x [Llllelvsll]**[L'llilvsll} [LvM_2T+2a+(1_n)7ZiSi+(1_n)] )

As for the case of odd n, the phase in (B.20) affects the open spectra by a shift in repre-
sentations [I,m,s] — [l,m+ (1 —n),s+ (1 —n)].
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3.3 Topological spectra

The topological open spectra associated to the permutation boundary conditions described
in section 3.2 can be read off from the full CF'T spectra, by extracting the chiral primary
contributions. In a single minimal model My, chiral primary fields are given by the highest
weight vectors of the representations [[,[,0] € Zj, in tensor products of minimal models by
tensor products of those. Thus, in the situation when the open sectors carry a representa-
tion of the sum of all the NV = 2 algebras of the individual minimal models, the topological
spectra can easily be extracted. Otherwise one has much less control of the representation
theory and the identification of chiral primaries can be quite difficult. As far as permu-
tation boundary conditions are concerned, this more complicated situation only occurs in
sectors of open strings with different permutation gluing conditions, cf. egs. (B.29), (B.29).
These cases will be treated at the end of this section and we start with the cases where the
gluing conditions on both sides are twisted by the same permutation.

From now on, we will restrict our considerations to boundary states where all S-labels
are even. (S odd merely corresponds to the opposite choice of spin structure.) For a single
minimal model, the boundary spectra (B.9) then simplify to

< it —M+M'
LM, 8] (gthO 2“) = D ekt My, 0 (3.26)
S [l,m,O]GIk

4 — 4
X (NI}L 5;25170 + (—1)tNLZ§L ! 5}925172) 9

tl‘ bos
H[L’,]M’,S/

where

N - 1if |L-L|<j<min(L+L,2k—L—L)and L+ L +j € 2Z
L'L 0 otherwise

denotes the su(2)g-fusion rules.

From (B:26)) the topological open spectra can be easily read off. There are bosonic topo-
logical open strings with boundary conditions corresponding to ||[L,M,0])p and
|[L/, M",0])) g for every | € {0,...,k} such that N}, =1,ie. foralll € {|L—L'|,|L—L'|+
2,...,min(L + L',2k — L — L')}. Their Zj4o-charges are given by 3(I — M + M’). Like-
wise, there are fermionic topological open strings with these boundary conditions for every
1 €{0,...,k} such that N, /! =1, i.e. for all | € k — {|L — L'|,|L — L'| +2,..., min(L +
L', 2k — L —L')}. Their Zjo-charges are given by %(l — M+ M'+k+2). (As expected, a
shift by 2 in the M or M’ shifts the Zj_o-charges by 1.) Thus, the bosonic and fermionic
topological Hilbert spaces are given by

min(L+L',2k—L—L")
D Crunrenry s (3.27)

I=|L—L/|
I+ L+L'e2Z

min(L+L',2k—L—L")
D Crirmymra) (3.28)

I=|L—L'|
l+L+L'e2Z

12

HO (|l .m0 g, [112.M,00) )

12

HY ([l w00 B, 120,00 )
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where the subscript m of C,,, denotes the respective Zj_o-representation. In particular

dim H° (|| i/, 0,0 B, [iL.0,0) B) = dim H (||iz/.27.0) B, ||[L.,01) B)
— win(L, Lk — Lk — L)+ 1

All this information can be summarised in the bosonic and fermionic topological partition
functions of a single minimal model

2mit 17 '
(A os iz (9) = D Niy eFizaHD, (3.20)
le{0,...,k}
-1 2 (- "+k
e (ar oy lizaroym(9) = Y Npjph eI g 30)
le{0,...,k}
For tensor product boundary states ||a)) = ||L1,..Ln,S1=0,...,8,=0,M=>_,;M;)id and ||o/)) =

L4 oLy, 8, =0,...,8, =0, =" M2 ) we obtain from (B.11))

H (o) o) = @ @ H (o) s, llimr.0)5) - (3.31)
by,...,bn€Zy &
b+2ibi€22

For odd cycle length permutation boundary states ||a)) = ||L,M,5=0)% and |') =

||',m',57=0))% the topological partition functions follow from (B.1§)

Ik okl 2mitl = M+M
ooy fap (@) = 3. Njpt eima (Sl M), (3.32)
1;€{0,....k}
(k—11) In 2mit 1 ’
(o o (9) = D N fmtsestn (3555 (i Lim MAM +k+2) (3.33)
1;€{0,....k}
For even cycle length permutation boundary states ||a) = ||L,M,T,5=0))% and ||') =

|z, m7,17,5,=0))%, they can be extracted from (B.24) to be

ty li*..klp ¢(2k+4) (5 L= MM
ooy o (9 = D0 Npr O i , (334)
1;€{0,...,k}
t\ (k—l1)*...%ln ¢(2k+4) it (53, 1~ M+ M)
oy an (@) = > N Ot a1 g€ .(3.35)
1;€{0,...,k}

As alluded to above, the extraction of these topological spectra from the corresponding
CFT spectra heavily relied on the fact that chiral primary states in tensor products of
minimal models are tensor products of minimal model chiral primary states. The Hilbert
spaces of open strings satisfying boundary conditions with different permutations on both
sides however do not carry a representation of the tensor product of the minimal model
N = 2 algebras. Rather, they decompose into twisted representations of a Z,-orbifold
thereof, where Z,, is generated by the permutation o.

We can identify the chiral primaries amongst the highest weight vectors of the twisted
representations by their characteristic relation between conformal weight h and U(1)-
charges ¢, namely h = %q (which holds in unitary theories). Conformal weight h and
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U(1)-charge ¢ of the Z,-twisted representations with character x(; .| (q%) can be expressed
in terms of the conformal weight h and U(1)-charge g of the respective representation with
character X[ m g (¢) in the “mother” theory as (for more details on cyclic orbifolds see

e.g. [BY)

n

. h 1
h:—+i<n——>, d=gq. (3.36)

The chiral primary condition h = %(j can therefore be expressed in terms of h and ¢ as

1—n c/1-n\2 1 c({l—n
h — = — — . 3.37
St () z(q+3(2)> a0

This, however, is nothing else than the chiral primary condition for the representation

follows

obtained from the original one after spectral flow U, by n = 5™ units. Namely, conformal
weight and U(1)-charge change under the spectral flow U, as

c c
hhy=h+ng+ e, g a=a+30. (3.38)
The action of this spectral flow on representations is given by
Uin[l,m,s]=[l,m—(1—n),s — (1 —n)]. (3.39)
2

Therefore, a representation with twisted character X[l,m,s](q%) is built on a chiral primary
highest weight state iff the minimal model representation [I,m—(1—n),s—(1-n)] is built on a
chiral primary.

Having managed to identify the chiral primaries in the twisted representations, it is
not difficult to extract the topological partition functions between permutation boundary
states ||a)) = ||L,M,5,=0))% (for n odd) or ||o)) = ||L,M,T,5:=0))% (for n even) and a tensor
production boundary state ||o/)) = ||L1, L, 81=0,M'=3", M/ Wi from the CFT-spectra? (B.23)

it 1 ’
ooy o (6) = (R + 2T ST NL L, R oA, (3.40)
le{o, Sk}
g1 oy o (9) = (R + 2T ] ST NET M), (3.41)
1€{0,....k}

where [ -] denotes the integer part.

3.4 Boundary states in Gepner models

In this section, we would like to recall briefly how to extract information about Gepner
model branes from the boundary states in tensor products of minimal models discussed
above.

Gepner models consist of orbifolds of tensor products (B.1)) of N = 2 minimal models
coupled to some free external theory, where the orbifold construction implements the GSO-
projection of the internal part. The orbifold group is the cyclic group I' = Zp, generated

ZNote that the shift ()7 which is used to identify chiral primaries among the twisted open CFT
states, is exactly opposite to the shift in the open spectra produced by the relative phases between twisted
characters and o-twisted traces, cf. the end of section 3.2.
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by the product of the generators of the Zj,o-symmetry groups of the individual minimal
models. Hence, H = lem(k1+2,...,k,+2). If the “Calabi-Yau condition”y 1, (k;+2)~! =
1 is satisfied, then this model describes a string compactification on the hypersurface in
weighted projective space defined by the vanishing of the superpotential W = x’f“LQ +...+
xhnt2,

Above, we constructed certain boundary states in tensor products of minimal models,
and there is a standard procedure of obtaining boundary conditions in orbifold models from
those of the original unorbifolded theories (see the remarks in section 3.1): Starting from
a boundary state in the original model which is invariant under the action of the orbifold
group I', one sums up all the states obtained from it by twisting with elements of I', then
divides by \/m to ensure correct normalisation. Obviously this has the effect of projecting
the corresponding open string sectors to the trivial representations of the orbifold group.

In the preceding sections, we obtained such I'-invariant boundary states in tensor prod-
ucts of minimal models, and we also presented all the twisted boundary states. Summing
up all these twisted components, one arrives at the internal parts of the respective bound-
ary states in Gepner models. From the I'-twisted open partition functions in the tensor
products of minimal models determined in section B.3} one can read off the respective open
sectors of the (internal part of the) Gepner model, simply by extracting the I'-invariant
parts.

Boundary states in full Gepner models can be obtained as tensor product of boundary
states of the internal and the external theories respectively. However, the alignment of NS-
and R-sectors has to be ensured in this construction, intertwining the two factor states in
a non-trivial way. Nevertheless, certain “invariants” of boundary conditions, which only
depend on the RR- and the NSNS-part of the boundary states separately, factorise into
internal and external contributions. This is true in particular for the open string Witten
index

I(e,a) = rr{d|[(~1)rqzFot T =5 ||a) pp
= dim MO ([}, [|)) — dim M (fJa’), [la))

where F7, is the holomorphic fermion number on the bulk Hilbert space (see e.g. [H, [1]).
Therefore it makes sense to calculate I for the internal part of the Gepner model boundary
state alone, i.e. in the orbifold of the tensor products of minimal models.

This index can be calculated easily from the topological open partition functions for
tensor product bulk theories. One merely needs to identify the respective I'-invariant parts
of the bosonic and fermionic topological Hilbert spaces and subtract their dimensions.

For example, the Witten index between the tensor product boundary state |[o/)) =
|zi=0,5=0,m")d and a permutation brane ||a)) = |L,M,5,=0)% for odd n or ||a) =
|2,M,T,5:=0))% for even n can be obtained by summing over ¢ in egs. (B40), (B.41]) and
dividing by |I'| = k+2 (here assuming k; = k and also n = k+ 2 for notational simplicity).
In this way we arrive at

B n—1 (2k+4) (2k+4)
I(o/,a) = (k +2)*7] (6L7M+M’,O - 5L+M7M/,2k+2> ;

Defining the parameters p(L, M) := (L — M) € Zj, and extending them additively to
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k|n|L LAmM 1799 (/| @) k (L)) L oo/ a)
1[3]00 —3G? +3G 1| (0,0,0) 0 -3G%+3
23] 00 —6G3 4+ 6G? +2G — 2 2| (0,0,0) 0 —4G3 44
3(01 —8G3 +8G 0,0,1) 0 —4G3 + 4G
3011 —8G3 +8G? +8G — 8 (0,1,1) 0| —4G®4+4G? +4G -4
4100 0 4G3 +10G? + 4G + 2 (1,1,1) 0 8G2 -8
400 1 —2G3 +4G? —2G — 4 (0,0,0) 1 —4G? 4+ 4
4100 2 —4G® +2G? - 4G -6 (0,0,1) 1| —4G3—-4G?+4G+4
4100 3 —2G3 +4G? —2G — 4 (0,1,1) 1 —8G3 +8G
401 0 8G? + 8G (,1,1) 1| -8G3+8G%2+8G-38
4101 1 —8G3 -8 (0,0,0,0) 0 —4G3 44
4101 2 —8G3 —8 (0,0,0,1) 0 —4G3 + 4G
4101 3 8G? + 8G (0,0,1,1) 0| —4G34+4G? +4G —4
4111 0 8G3 4+ 16G2 + 8G (0,1,1,1) 0 8G2 -8
4111 1 8G? -8 (1,1,1,1) 0 8G3 4+ 8G% - 8G -8
4111 2 —8G3 —8G — 16 3| (0,0,0) 0 —5G% +5
4111 3 8G2 — 8 (0,0,1) 0 —5G* + 5@
3]3]0 0 —10G* +10G® +5G? — 5 0,1,1) 0| —5G*+5G?+5G -5
3/01 —15G* 4 15G2? 4+ 5G — 5 (1,1,1) 0| —5G*+5G3 +10G?% — 10
3111 —15G* + 15G3 4 20G2 — 20 (0,0,0) 1 —5G3 +5
410 0 0| 10G*+20G? +10G2 +5G +5 0,0,1) 1| —5G*—-5G3+5G+5
4100 1| —5G*+5G3 —-5G2—-10G — 10 (0,1,1) 1|-10G* —5G3 + 5G? + 10G
410 0 2| —5G*+5G3 —5G2% —10G — 10 (1,1,1) 1| —15G* + 15G? + 10G — 10
4100 3 10G® —5G -5 (0,0,0,0) 0 —5G* +5
500 125G* + 125G3 — 125G2? — 125G (0,0,0,0,0) 0 —25G* + 25
5/0 1 125G* + 250G3 — 250G — 125 (0,0,0,0,1) 0 —25G* + 25G
5011 375G* + 250G3 — 250G? — 375G (0,0,0,1,1) 0| —25G* + 25G? + 25G — 25
Table 1: Witten index 199 Table 2: Witten index [idU

tensor product boundary conditions, this expression can be written in terms of a (k +2) x

(k 4 2) shift matrix Gy, = 559_22/)“70 as

IidU(L; =0, L)u’u = (k + 2)[%_1](1 - G_L_l)u/u' (3'42)

This can of course be generalised to permutations consisting of IV cycles of length n, and
labels L,. The Witten indices for open strings between such a brane and a L, = 0 tensor
product brane are encoded in the matrix
N
o =T[ e+ Ta-ag . (3.43)

v=1

All the Witten indices can be written in terms of G, but the expressions for I'17 with
arbitrary L) and those for I°7 appear to be more involved than (B.47); see 9] for some
results in the quintic case. Nevertheless, even in the absence of a closed formula one can
extract each index in a straightforward manner from the topological partition functions
determined in section B.3. In table [l we list some 197 for k = 1,2,3 and various values of
n,L',) L, m=T+ %(L — M) and Am = m —m’ (the latter being defined for even n only),
and in table ] some I'1e for k =1,2,3 and various n, L) and L.

4. Permutation branes and linear matrix factorisations

A tensor product M?" of N = 2 minimal models describes the critical behaviour of a
Landau-Ginzburg model with superpotential W = x‘li +...+ :Ug for d = k4 2, on a world-
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sheet without or with boundary. Therefore, one can expect that the CFT B-type branes
from above have some counterpart in the form of an LG boundary condition — more
concretely that the topological information of the CF'T brane can be encoded in a matrix
factorisation of the LG potential W. Our proposal is that topological permutation branes
correspond to certain linear matriz factorisations.

4.1 Linear matrix factorisations

(]

A linear matrix factorisation [Rf] of a homogeneous polynomial W of degree d in the
variables x1,...,z, is given by a set of d square matrices ay,...,aq_1 over Clxy,...,x,]
all of which are linear in the z; and satisfy

Oé(]Oél---Oéd_1:W1. (41)
From the «;, we can obtain two-factor matrix factorisations by choosing

Po = Qr(0) - Qr(e—1) and P = Qr(g) - Qn(d—1) (4.2)

for 0 < ¢ < d—1 and any cyclic permutation 7 of (0,...,d —1).

A special class of linear matrix factorisations of W = 3" 2¢ have been constructed
explicitly by Backelin, Herzog and Sanders in [2f]. For all homogeneous polynomials there
exists a unique (up to equivalence and cyclic permutation of the factors) indecomposable
linear matrix factorisation with the property

(@) a1 (75) = Ean(@j) o (@) 1> (4.3)

where oy (z;) is the matrix obtained from oy (z1,...,z,) by setting x; = 0 for j # 4, and £
is a primitive dth root of unity.
In the case W = mcf—i—. .. xﬁ, these factorisations consist of d” x d” matrices, v = ["T_l],
which can be written as
a; =x1 + & Qs (4.4)

where the g, can be defined by a recursion formula as follows: One introduces d x d

matrices
()i =& 6ijo1, (ea)ij =& " 8ij,  (es)ij =ij1 (4.5)
where all Kronecker deltas are understood modulo d, as well as the number

1 d odd
Bn =197 d even and [
-

—

n—

| even , (4.6)
d even and ["Tl] odd

| N

1

7 being a primitive dth root of —1 with 7% = ¢. Using these, one defines

agy =0, Qd2 = H2 T2, (4.7)

Adnt2 = € Q0dn + €3 & Unt2Tnt1 1+ € @ Tpiol,

where the 1’s stand for identity matrices of the same size as ay,.
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These special linear matrix factorisations have certain nice properties. They are ho-
mogeneous in the z; and indecomposable (i.e. not equivalent to direct sums). Moreover, it
is obvious from ([£4)) that all the o;; commute, which in particular means that they give rise
to matrix factorisations ([.4) not only for 7 cyclic but for all permutations 7w € Sy. Thus,

for every proper subset I C {0,...,d — 1} we obtain the two-factor matrix factorisations
My je = (po = HOéz‘, p1= H ai) ; (4.9)
i€l i€le

where I¢ = {0,...,d — 1}\I. For every ¢ = |I| these are (z) ones.

Note, however, that not all of them have to be inequivalent. To determine, for given
number of variables n, the possible equivalences (as defined in (2.4)) between them, first
note that since the p; above are homogeneous, we can restrict to constant matrices Uy, V),
in eq. (B.4), and that two matrix factorisations associated to index sets I and I’ as above
can be equivalent only if they are of the same degree, i.e. if |I| = |I’|. The specific form
Py = w'ln + ... enforces U, = V,,, and exploiting (Q) further one finds that Urjlad,nUn =
€'ag,p, has to hold for some integer i. Conjugation of a matrix factorisation (.9) with such
a U, then just shifts the set I to I 4+ i (understood modulo d).

To proceed, one observes that given U, for a fixed n, one obtains a matrix U,4o
conjugating og 42 to §iad,n+2 by setting U,12 = eé ® U,. Vice versa, using the explicit
form of the matrices €, and inspecting the recursion relation @) for ag 42, one can show
that any U, o with the correct conjugation property can be formed from a U, in this way.

This allows us to list the classes of inequivalent matrix factorisations of the type ([.9):
For odd n > 1, one constructs possible equivalences U, starting from U; = 1, which
obviously conjugates a1 = 0 to fiadJ. Therefore, in this case matrix factorisations ([£.9)
defined by the sets I and I’ are equivalent if and only if I’ is a shift of I. On the other hand,
since g2 is a non-zero rank-1 matrix, there is no matrix Us to non-trivially conjugate it.
Therefore, for even n all the factorisations (f.9) are inequivalent.

The case n = 1 provides the simplest example of linear factorisations, where a; = 1
for all 7 and we obtain the well-known d — 2 inequivalent factorisations of minimal model
potential W = x¢, by grouping together £ factors x; into py and the remaining d — ¢ into
p1. For simplicity, they will be denoted My(x1) in the following.

The next example n = 2 is a little more interesting. Here, the linear matrices are given
by o; = 1 + p2€ixs, so that we obtain a matrix factorisation with py = [Lic;(z1+ poles)
and p1 = [[;c e (z1+ pa&'xs) for every proper subset I C {0, ...,d—1}. These factorisations
were introduced into the discussion of B-branes in LG models in [i(] and then related to
CFT permutation branes with o = (12) in [P§]3.

For n > 2, the factorisations are much harder to treat ‘by hand’ since the size "]
of the matrices grows exponentially with n, which is why later on we will partly resort to
computer algebra programmes to perform some of the computations. Note that factori-
sations ([£9) for the case n = 3 and d = 3 have already occurred in the classification of

Note however, that our factorisations differ from the ones used in @, @] by a shift zo — {72 las.
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maximal Cohen-Macaulay modules over the cone of the elliptic curve in [, B3] and in the
discussion of D-branes on the elliptic curve in [B1], ).

Ultimately, we are interested in graded matrix factorisations

P

(P1,p1) = (Po, po) , (4.10)
Po

where apart from the matrix factorisation itself, Zs-representations p; on the P; are spec-
ified, which are compatible with the module structure (recall that R is graded) and the
maps p;.

For indecomposable matrix factorisations as in (f.9), there is only a choice of one
irreducible representation « of Zg, which determines p1, pg completely, and we specify it
by setting the degree of the element 1 € R C Py = R’ to be o € Zj 5. We denote the
corresponding graded factorisations M<.

4.2 Relation to permutation branes

We would now like to compare these linear matrix factorisations to the boundary states con-
structed in the previous sections. This will be done by analysing the open topological string
sectors on the matrix factorisation side, i.e. the graded Ext-groups Extr(P, Q) between R-
modules P = coker py, Q = coker ¢; corresponding to matrix factorisations (pg, p1), (90, 41),
and comparing them to the respective CFT-results obtained in section B.3. Here, we will
consider the cases where these matrix factorisations are linear factorisations in n variables
or tensor products Mi®17___7Ln = Mp,(x1) ® ... ® Mg, (zy) of linear matrix factorisations
in one variable, cf. (R.§). The generalisation to tensor products of multi-variable linear
matrix factorisations is straightforward.

The Zg4-representation of the linear factorisations M (x) is specified by a = pg, and the
Zg-representations of My (21)®...@ M" (x,) only depends on }_; a;. We define Mﬁa I
to be this tensor product factorisation for an arbitrary partition o = >, ;. These tensor

n

product matrix factorisations reproduce the topological spectra of tensor product boundary
states (B.10) (a discussion of this can be found in [4]), the precise correspondence being

L1, Ly Sy Sy M = 3L = 205 —  MP® | . (4.11)

We propose the following correspondence between CFT permutation boundary states and
matriz factorisations:

n odd : ||L,L—20,81=0,...5,=0) % — M%,___7L},{L+1Md71} , (4.12)
(0%

neven : ||L,L—2a,T=m—a,51=0,..,5,=0))F —— {0 LY {1 d—1}—m

where we use the notations of ({.9), and where elements in the sets I are understood to be
taken modulo d = k + 2.
Note that, for odd n, factorisations My e and M rc4; are equivalent, whereas for

even n this is not the case and the respective shift m is determined by the boundary state
labels (L, M, T) through m =T + (L — M).

,23,



For the case n = 1, a single minimal model, this correspondence is of course well
known. We have spelled out the topological spectra in section B.3, and the Ext-groups of
the corresponding matrix factorisations can easily be calculated, see e.g. [, B3, B4].

For the next complicated case n = 2, the linear matrix factorisations still have rank
one, so the correspondence can still be checked by hand in a straightforward way. Ext-
groups involving two n = 2 linear factorisations or one linear and one tensor product
factorisation were first studied in [R4]. The comparison with CFT permutation boundary
states for o = (12) has been carried out in great detail in the recent work [BJ], so we refrain
from repeating the calculations here.

Whenever n > 2, the linear matrix factorisations involve higher rank matrices, and the
computation of the Ext-groups may become quite tedious. We do not yet have a general
derivation for all possible combinations of linear and tensor product factorisations. The
Ext-groups between M7 /. and M?sz:O,..., 1,—o are calculated for arbitrary n and d in
section [£.3, exploiting certain constructions from homological algebra. The results are in
agreement with the correspondence proposed above.

To check agreement also for the other spectra (in particular the ones involving two
higher rank linear matrix factorisations), we resort to calculating the respective Ext-groups
on a case-by-case basis on the computer. For this purpose we used the computer algebra
program Macaulay2 [P7]. Some of the results of these calculations are presented in sec-
tion [L.4 below. All tests show agreement with the CFT results obtained in section f] and
confirm the correspondence (f.12).

Before we turn to Ext-groups, we can apply a simpler test to our correspondence
between linear matrix factorisations and boundary states, concerning the behaviour under
the charge symmetry Z7;, whose generators act as g; : x; — £ xj on the LG variables
and multiply CFT Ishibashi states by fé(mﬁmi). From formulae (B.17), (B23) for the
permutation boundary states, one sees that each g; shifts the T-label by (—1)? for n even,
while it leaves the boundary state labels invariant when n is odd. For the linear matrix
factorisations, on the other hand, g; induces a shift I ~— I+ (—1)" of the index set — which
is an equivalence for n odd, but changes the equivalence class of the matrix factorisation
for even n, in accordance with the proposed correspondence.

4.3 Calculation of some Ext-groups

Let Mfi Ly, = (g0, q1) be a tensor product matrix factorisation as above and My e =
(po,p1) with |I| = L 4+ 1 any linear matrix factorisation of degree L + 1. In this section,
we aim at calculating the groups Extp(coker g1, coker p;). To do this, we use a relation
lel—l—l anJrl)

) n *

P

between the factorisation (go,¢1) and the module N = Ny, 1. := R/(
One way to establish this connection, namely by deconstructing the tensor product matrix
factorisation (qo, g1), is presented in appendix [A]. Here, we will take a more direct approach
and construct a free resolution of N which becomes 2-periodic after (n — 1) steps with
periodic part given by (qo, q1). In fact, this is a special case of a more general construction
due to Eisenbud [B4]. For a commutative ring A and an ideal Z, Eisenbud constructs a free
resolution of a B = A/Z-module V out of an A-free resolution of V.
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In our case A = Clz1,...,z,],Z= (W =3, 2¢) and B = R. As A-free resolution of

N we use the Koszul complex of (le“Ll, ..o, wEn 1) which is a minimal A-free resolution

of N of length (n+ 1)

0— Ky, 2 Kp1 - ... 5 K - Ky — N —0, (4.13)
where K; = A'V is the i*" exterior power of V = A™ with A-basis {e1,...,e,} and co-
differential

¢ j—1, Lij+l
deiy Ao Ney, 1= Z(—l) Tl e N Neq Neg e Neg, (4.14)
j=1

To obtain an R-free resolution of N from this, one first introduces the maps o : K; — K; 11

defined by
ow— (Z x?Lile,) ANw , (4.15)

which satisfy do + 06 = W. Furthermore let T; := At® for i > 0 and define the operator
A:T, — T,_1 by A(t") =t""! for n > 1 (and X := 0 on Tp). Then we obtain the chain
of A-modules B B B B
U LN - AL AN AN NI o) (4.16)
with _
(5]
Fi=PKi2eT;, i=00id+oaA. (4.17)
§=0
One has (S)2 =W ®t, and since Fy = Ky, Fi = K, we have Fo/im(g) = N. Therefore,
tensoring the complex (§.16) with R, we obtain an R-free resolution ... — f’l — E_l —
.= ﬁo — N — 0 of N with F;, = F, ® R. By construction this complex is 2-periodic
from position 7 = n.
Since the T-factors in the periodic part are redundant, the latter can be represented
as follows
o, =@PAIHV, je{0,1}, d=0+0:P;— Bjyq. (4.18)

(2

Again (3\)2 =W, and ;=P @ R, together with maps induced by 3\, is the periodic part
of the R-free resolution F; of N.
Now we claim that this periodic part is isomorphic to the tensor product matrix fac-
torisation
q1
Mp 1= (Ql = Qo) : (4.19)
0
This can easily be shown by induction on n: Let A" = C[zy,...,z,1], ®; and &' be defined
as above for the situation with (n— 1) variables (z1,...,z,-1) and A” = C[z,,], ®;"” and §”
be defined as above for the situation with one variable x,. Then ® is given by the tensor
product of " and ®": &; =P ;0 P, ®4 P and 0 = ¢’ ®id+id®d"”. Thus, if (¥},0')
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and (@, §'") are isomorphic to the respective matrix factorisations, so is (®;,3). Therefore
we only have to show the statement for the case of one variable, where it is obvious:

q)o = A1A€1 = C[m] y (131 = AOA€1 = (C[.%'] s (420)

§ =zl oy — @y, o=a"L"1. 9 > d.

In particular, for a single variable we have @QQ; =2 ®;. This proves that the periodic part ®; of
the R-free resolution Fj of N is given by the respective tensor product matrix factorisation
Ml@i,---, 1, However, we need to treat the modules as graded ones, and there is a shift
of the Zg4-grading between ); and ®;: Let us assume that the gradings a of the matrix
factorisations are zero. Then, in the one variable case Qg has degree 0, whereas 50 has
degree L; + 1 (since this is the degree of the basis vector ej, due to § in (.14) having
degree 0). Thus, taking the degrees into account, we find that the tensor product matrix
factorisation is isomorphic to the periodic part of the resolution of N(—>,(L; + 1)), N
with degree shifted by — >, (L; 4+ 1).# Let us for the moment abbreviate >_.(L; + 1) =: p.
Then we have

Ext', (coker q1, M) = Ext'f"™(N, M)(u) (4.21)

for all ¢ > 0 and all R-modules M.

To calculate the right hand side of ([.21) for M = coker p;, we use the following fact
(see e.g. Lemma 3.1.16 in [4]): Let S be a graded ring, U and V be S-modules, and = € S
a homogeneous element that annihilates U and is S- and V-regular®. Then one has

ExtgH! (U, V) & Extly, (U, V/2V)(— deg(x)) . (4.22)

6

Noting that (x% 2+l ,zkn*1) is an R- and coker p;-regular sequence® in the annihilator

of N, we obtain

Ext’, (coker g1, coker py) 2 Ext’™ (N, coker p1) (3 (Li +1)) (4.23)
& Fxtit! (N, coker py /(252 *",.. akn*1) coker pl) (L1 +1).

R/(a;? ™ el
The right hand side is easy to determine in the case Lo = ... = L, = 0, in which
R/(xy,...,x,) = Clzy]/(zd) =: S,
dY
coker p1/(xa,...,x,) coker p; = <S/x‘1i_L_1S> ,
N = §/glrtlg, (4.24)

and N has the obvious S-free resolution

Li+1 d—Lj—1 Li+1

€T x €T
— St ST 8T s 8§ C]/(e ) — 0, (4.25)
‘If M = P, M, is a graded module and p an integer, M (y) is the module with M (u)n := My_,. (This

is not be confused with shifted complexes, usually denoted C[u].) Shifting the degree of a module also
affects the degree of its Ext-groups, namely Ext(M (u), N) = Ext(M, N)(—pu).

®An element x € S is V-regular if 2v = 0 for v € V implies v = 0.

SFor an R-module M, an M-regular sequence is a sequence (a1,...,an) in R such that a1 is M-regular
and aj+1 is (M/(a1,...,a;)M)-regular for all 1 < j < n.
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which can be used to obtain the respective Ext-groups

ExtZ (N, §/adL715) o o POl =D ) /(@@ BBy

1

12

x
for ¢ > 0. Putting everything together, we obtain
Ext% (coker gy, coker p1) = d¥ (mrlnaX(O’Ll_L)(C[xl]/(xrlnin(d_L_l’LIH))> ,

Ex‘c%+1 (coker g1, coker py)

= (a O T T ) (1))

This agrees, via the correspondence (L.11]), (JE1Z), precisely with the topological spec-
tra (B40), (B-41]), and in particular yields the correct Witten index (B.43).

For arbitrary Lo,..., Ly, the computation of the right hand side of ({.23) is more
involved. Case-by-case checks using Macaulay2 however show agreement in these cases as

well.

4.4 Computer checks

As mentioned above, we have not yet been able to construct a rigorous proof for the
general correspondence (4.14). Therefore, we collect additional evidence for it based on
case-by-case calculations of the respective Ext-groups, using the computer algebra program
Macaulay?2 [R7).

Macaulay2 does exact calculations using rings which may be of the form
Klxy,...,z,]/Z, where 7 is an ideal and K some field, which we define to be the field
extension Q(a), where a is a fundamental root of 1 if d is odd and of —1 if d is even. This
is done by setting K = Q[a]/(f(a)) for the appropriate polynomial f.

Macaulay2 has a built-in procedure to calculate the Ext-groups. The Zg-representa-
tions, which correspond to the degrees of the graded modules F;, QQ; and the maps between
them, are also calculated by Macaulay?2.

Although we may use Macaulay2 to calculate the full algebra of the chiral rings,
for brevity we only present the calculation of the index I(P,Q) = dimExt%(P, Q) —
dim Ext}, (P, Q) here. Our code can be found in appendix [B1]. It calculates I(P, Q) for two
given graded matrix factorisations P and () and expresses it in terms of the shift matrix
Gy, where here i/ = o/ and pu = a specify the Zg-representations of P and @ respectively.
A few results are displayed in appendix [B.2.

All our tests showed agreement of the topological spectra of permutation boundary
conditions on the one hand and the graded Ext-groups of the matrix factorisations cor-
responding to them via (4.11)), (4.19) on the other. This is in particular the case for the
examples listed in tables [l and B
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A. Deconstructing tensor product factorisations

Here we would like to give a slightly different derivation of ([23). As in section [£.3,
we take M?l .., = (g0, 1) to be a tensor product factorisation and My e = (po, p1)

to be any linear matrix factorisation of degree |I| = L + 1. To calculate the modules
Extp(coker g1, coker p1), we can make use of the tensor product structure of M?I,...,Ln'
Namely,
/ /! / /!
Gph®l -1®q 1®1l 1®q
= 10 noo ok @1 = . "o o (A1)
®qy ¢1®1 -1®¢) ¢®1
where
!
Qll <:) QIO = Mgl,...,Ln,1 (A2)
%0
is the tensor product factorisation of W’(z1,...,7,—1) = 2¢ + ... + 2¢ | and (¢} =

whntl ¢/t = 297 In=1) the factorisation of W"(x,) = 2. The Q! ® Q" are free, and the

o
long exact Ext-sequence obtained from

0 — Q) ® Q'j) — coker gg — coker <idQ6 @zt ¢l ® idQ”l) — .0 (A.3)
gives rise to the following isomorphisms

Ext’y(coker qp,-) = Ethl(COker ) (A4)

= Extgl(coker ¢} /xEn 1t coker ¢, .

Following the degrees in all the steps, one sees that the degree of the third Ext in ([A.4) is
shifted relative to the one of the Ext on the left hand side by L, + 1. As in section [.3, we
use the fact (see e.g. Lemma 3.1.16 in [i4]) that for any ring S and any S-modules U and
V with a homogeneous x € S that annihilates U and is R- and V-regular

ExtgH! (U, V) = Extly, (U, V/2V)(—deg(z)) (A.5)
Since zL»*1 is coker p;-regular this gi
o pi-regular this gives
Ext’, (coker g1, coker py) (A.6)
o EXt;/($£n+1) (Coker q’l/ xﬁ”“ coker ¢} , coker pl/ xﬁ"“ coker pq ) .

Furthermore, coker ¢} / xkntl coker ¢] = coker ¢}, where ¢, are the induced maps between

the Q;/xL»t1Q;, which again have tensor product form (A.1)). Because (x5 ... zknt1)
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is an R- and coker p-regular sequence, we therefore obtain (f.29) inductively:

Ext’ (coker g1, coker py)

~ i
= Bt etat,

R/(zf2 T aknth

(]v, coker py /(e ™. akn*1) coker p1>

.ﬂx£"+1)

(N, coker py/(ay2™,...ckn*1) coker py) (L1+1)

where N = R/(zl™ .. zEnt1) as in section [£3, and where we have used
N = R/(z$7 17t g2t zLet1) This provides an alternative derivation of (f:23).

B. Calculations with Macaulay?2

B.1 Code

The procedure init sets up the rings necessary for dealing with linear matrix factorisations
of W=ad+...+2¢.

-- Sets up necessary fields, rings.

init = (d,n) -> (
KK=QQ[G]/(1-G"d);
toField KK;
K=QQ[al/((factors(1+(-a)~d))_0);
toField K;
K.isHomogeneous=true;
A=K[x_1 .. x_n];
f=sum apply(toList(x_1 .. x_n),y->y"d);
R=A/f;);

The procedure linmf creates linear matrix factorisations ({.9), where the first argument
is an ordered set of indices labelling the variables used in the factorisation, and the second
one is the set I defining it. For this procedure we also need some other functions.

-— Function subracts two sets.
subt = (I1,12) -> (
I1=I2]|11;
I1=unique(I1);
I1=drop(I1,#I2);
return(I1));

-- Matrices \epsilon_1, \epsilon_2, \epsilon_3
e3mat = (R,d) -> (return(map(R~d,R"d,
(1,j)->(1f j==(i+1)%d then 1 else 0))));

elmat = (R,d,v) -> (return(map(R"d,R"d,
(1,j)->(if j==(i+1)%d then v"i else 0))));
e2mat = (R,d,v) -> (return(map(R"d,R"d,

(i,j)->(if i==j then v"i else 0))));

-- Inductively constructs \alpha matrices
nplustwo = (R,a,I,n,alpha) -> (
d:=degree R;
mu:=(if (even ((n-1)//2)) then a else a~(-1));
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if even d then
(R_(I_(n+1))*elmat(R,d,a"2))**id_(source alpha)
+(mu*R_(I_n)*e3mat(R,d))**id_(source alpha)
+e2mat (R,d,a"2) **alpha
else
(R_(I_(n+1))*elmat(R,d,a))**id_(source alpha)
+(R_(I_n)*e3mat (R,d))**id_(source alpha)
+e2mat (R,d,a) **alpha) ;

alphan = (R,a,I) -> (
mu:=(if (even ((#I-1)//2)) then a else a~(-1));
alpha:= (if (even (#I)) then matrix {{mu*R_(I_1)1}}
else matrix {{O_R}});
m:=(if (even (#I)) then 0 else 1);
for i from (if (even (#I)) then 1 else 0) to floor((#I)/2)-1 do
alpha=nplustwo(R,a,I,2*i+m,alpha);
alpha) ;

-— Create linear mf
linmf = (I,J) -> (
d:=degree R;
a:=((coefficientRing R)_0)_R;
I=apply(I,i->i-1);
J=apply (J,i->i%d) ;
A=alphan(R,a,I);
N=rank source A;
b := if even d then
z => (R_(I_0)**id_(R"~(rank source A)) + a_R~(2*z) * A)
else
z -> (R_(I_0)**id_(R"(rank source A)) + a_R"z * A);
g=map (R"N,R"N** (R"{#J-d}) ,product apply(subt(toList(0..d-1),J),b));
f=map(source g, target g, (product apply(J,b)));
return(f,g));

The procedure tpmf creates tensor product matrix factorisations. The first argument is
again the ordered set of variable indices and the second one the ordered set of the respective

L-labels.

-- Creates the tensor product of two matrix factorisations
tp = (p,@) > (
RpO=target p_1;Rpl=source p_1;
RqO0=target q_1;Rql=source q_1;
return(
map (p_O**id_(Rq0) | -id_(Rp1)**q_1) | | (id_(RpO) **q_O|p_1**id_(Rql)),
map (p_1**id_(Rq0) |id_(Rp0)**q_1) | | (-id_(Rp1) **q_O|p_O**id_(Rq1))));

-- Creates the tensor product of one-variable factorisations
tpmf = (I,J) -> (
d=degree R;
if #I==1 then tf=1linmf(I,toList(0..J_0))
else tf=tp(tpmf (drop(I,-1),J),
linmf ((I_(#I-1)..I_(#I-1)),toList(0..J_(#I-1))));
return(tf));
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The procedure deg calculates the bosonic and fermionic partition functions and ind the
index I(P, Q) between two matrix factorisations.

-- Calculates the degrees of the respective Ext-modules
deg = (n,p,q) —> (
n=-abs(n)%2+2;
Mp=coker p_1;
Mg=coker q_1;
emod=Ext"n(Mp,Mq) ;
e=if (dim emod!=0) then matrix {{}} else super basis emod;
ed=apply (numgens source e,i->((degree e_i)_0));
return(sum(ed,i->G~(i))));

-— Calculates the index I

ind = (p,q) -> (
return(deg(0,p,q)-deg(1,p,q)));

B.2 Results

In the following we demonstrate how to use the above code:

Macaulay 2, version 0.9.2

--Copyright 1993-2001, D. R. Grayson and M. E. Stillman
--Singular-Factory 1.3c, copyright 1993-2001, G.-M. Greuel, et al.
--Singular-Libfac 0.3.3, copyright 1996-2001, M. Messollen

il : load "linmf.m2"
—--loaded linmf.m2

As an example, for d = 4 and n = 3, we set up a linear matrix factorisation Mg and a
tensor product factorisation MS?LQ and calculate indices I.

i2 : init(4,3)

i3 : p=linmf({1,2,3},{0});

i4 : p_O

o4 = {3} | x_1 ax_2+x_3 0 0 |
{3x 1 0 x_1 ax_2+a2x_3 0 |
{3r 10 0 x_1 ax_2-x_3 |
{3} | ax_2-a2x_.3 0 0 x_1 |

4 4
o4 : Matrix R <-—- R

i6 : g=tpmf({1,2,3},{0,1,1});
i6 : q_0

06 = {3} | x_1 -x_272 -x_.372 0 |

{2} | x.2°2 x.1"3 0 -x_372 |
{2} | x.3°2 0 x_1"3 x_272 |
{73 1 o x_372 -x_2"2 x_1 |
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4 4
o6 : Matrix R <-—- R

i7 : ind(p,p)

3 2
o7 = - 6G + 6G + 2G - 2
o7 : KK
i8 : ind(q,p)

3 2
08 = - 4G + 4G + 4G - 4
o8 : KK

The indices calculated for these matrix factorisations agree via the correspondence (f.11)),

(E13) with the respective entries in tables [, P
For even cycle length, e.g. n = 4, the factorisations M not only depend on the cardi-
nality of I.

i9 : init(4,4)
i10 : p=linmf({1,2,3,4},{0});
i11 : g=linmf({1,2,3,4},{1});
i12 : ind(p,p)

3 2
012 = 4G + 10G + 4G + 2

012 : KK
i13 : ind(p,q)

3 2
013 = -2G + 4G - 2G - 4

013 : KK

Upon comparison with tables [l and f| also these results agree with the correspondence
(4.12).

C. Linear matrix factorisations and the quintic

For the quintic hypersurface in P, the charges of the minimal model tensor product branes
were calculated in [ff]. The rank of the B-brane charge lattice is equal to N = Y, %, where
b are the Betti numbers of the underlying manifold; N = 4 for the quintic.

,32,



Permutation | M Charges Chern characters
D6 D4 D2 DO | rk chy chs chs
D2)B)(4)(B) | 0 1 0 0 0 1 0 0 0
2 | -4 -1 -8 5 —4 1 5/2 5/6
4 6 3 19 10| 6 -3 —=5/2 5/2
6 | 4 -3 —-14 10 | -4 3 —5/2 —5/2
8 1 1 3 -5 1 -1 5/2 -5/6
(1)(2)(3)(45) 0 3 2 11 —6 3 -2 0 7/3
2 (-1 -1 -3 4 -1 1 —5/2 -1/6
4 0 0 -1 0 0 -1
6 1 0 0 -1 1 0 0 -1
8 | -3 -1 -8 4 -3 1 5/2 -1/6
(1)(2)(345) 0 0 0 -5 0 0 0 5 0
2 | =5 0 =5 5 -5 0 5 5
4 | 10 5 3 —-15| 10 -5 —15/2 35/6
6 | -5 -5 =20 15 | =5 5 —-15/2 —-35/6
8 0 0 -5 =5 0 0 5 -5
(1)(23)(45) 0 0 0 -1 0 0 0 1 0
2 -1 0 -1 1 -1 0 1 1
4 2 1 7 -3 2 -1 -3/2 7/6
6 | -1 -1 -4 3 -1 1 -3/2 —7/6
8 0 0 -1 -1 0 0 1 -1
(1)(2345) 0 5 4 22 10| 5 —4 0 20/3
2 0 -1 2 5 0 1 —15/2 5/6
4 0 -1 -3 0 0 1 -5/2 —25/6
6 0 -1 -8 0 0 1 5/2 —25/6
8 | =5 -1 —-13 5 -5 1 15/2 5/6
(12)(345) 0 5 4 22 —-10| 5 —4 0 20/3
2 0 -1 2 5 0 1 —15/2 5/6
4 0 -1 -3 0 0 1 -5/2  —25/6
6 0 -1 -8 0 0 1 5/2 —25/6
8 | -5 -1 —13 5 -5 1 15/2 5/6
(12345) 0| -5 0 —25 0 -5 0 25 0
2 | -5 5 15 0 -5 =5 25/2 125/6
4 |20 10 80 —-25|20 —-10 —25 50/3
6 | -5 —-10 -30 25 | -5 10 —25 —50/3
8 | =5 =5 —40 0 -5 5 25/2 —125/6

Table 3: Charges and Chern characters of L = 0 permutation branes for the quintic, computed
from the Witten index with tensor product branes

Since the charges of the L; = 0 tensor product branes span the whole charge lattice
over Q in this case (they do not provide an integral basis), one can extract the charges
of the permutation branes from the Witten index I'Y? between L; = 0 tensor product
branes and the permutation branes determined in (B.43): Let the columns of the matrix
Q'Y contain the charges of the L; = 0 tensor product branes’, and the “large volume

"The charge matrix Q'¢ for a general Gepner model may be determined from the results of [@]
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intersection matrix” I in the charge basis be given by I;; = (—1)i+16i,n,i+1. As long as Q4
has rank N (meaning that the tensor product branes span the whole charge lattice over
Q), the charges of o-permutation branes are given by Q7 = JI'97, where J(Q4)'I = 1.

By the method outlined above, we can compute all permutation brane charges from
the intersection form I'97 alone, for any model where the tensor product branes generate
the charge lattice over Q. The resulting charges for all B-type permutation branes with L-
labels 0 on the quintic are displayed in table f]. Note that if the charge lattice is generated
(over Q) by the tensor product branes, it easily follows from the form of 1'% given in (B.49)
that the charges of the permutation branes with L = 0 generate those of all permutation
branes.

Among the branes for the permutation (12)(3)(4)(5), one finds one with charges of
a (single) DO-brane. The absence of other charges (D2,4,6) for this boundary state was
already noted in [, ], where however the normalisation was not discussed. The cor-
rect normalisation was first obtained in [R§], where it was noticed that the charges of
the (12)(3)(4)(5) permutation branes indeed generate the whole charge lattice (over the
integers).

Another interesting property to note is that, up to normalisation, the intersection
forms (B.49) only depend on the number of cycles of the respective permutation. The

normalisation is given by (k+ 2)N with N = 3", [24-1] depending on the cycle lengths n,
only. In particular the normalisation for the permutation branes (12)(345) and (1)(2345)
and therefore their charges are identical. Only for these permutation branes D4 branes
(without D6-brane charge) show up. None of these boundary states, however, is a “pure”

D4 brane, instead there is some admixture of D2-charge.
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